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A B S T R A C T

In this paper, we establish a formal connection between two dynamic modeling approaches that are often taken
to study affect dynamics. More specifically, we show that the exponential discounting model can be rewritten
to a specific case of the VARMAX, thereby shedding light on the underlying similarities and assumptions of the
two models. This derivation has some important consequences for research. First, it allows researchers who
use discounting models in their studies to use the tools established within the broader time series literature
to evaluate the applicability of their models. Second, it lays bare some of the implicit restrictions discounting
models put on their parameters and, therefore, provides a foundation for empirical testing and validation of
these models. One of these restrictions concerns the exponential shape of the discounting function that is
often assumed in the affect dynamical literature. As an alternative, we briefly introduce the quasi-hyperbolic
discounting function.
. Introduction

Psychological processes unfold over time, implying that we need
o actively consider the temporal nature of these processes to get a
omplete understanding of them. Statistical or computational models
re a popular way to study these time-dependent fluctuations, given
hat they can serve as a formal basis for understanding and investigat-
ng the key dynamical features of a process of interest. One area of
esearch that has embraced these computational models is the field of
ffect dynamics – which revolves around how emotional feelings change
ver time (Waugh & Kuppens, 2021) – as evidenced by the many
omputational models that are used within this field, going from linear
o nonlinear, from discrete- to continuous-time, and from descriptive
o theoretical models (to give a few examples, Ariens et al., 2020;
ennett et al., 2022; Deboeck & Bergeman, 2013; Loossens et al., 2020;
utledge et al., 2014; Steele & Ferrer, 2011; Voelkle & Oud, 2013).
nfortunately, however, it is often unclear how these models relate

o each other, which may unintentionally contribute to difficulties
ith the adoption of these models in substantive research. This cur-

ently limits the extent to which the promise of these models can be
ulfilled.

Many dynamical models are related to each other, although the
ature of these relationships is not always obvious. It is therefore of
reat importance to document the relationships between the different
omputational models that are used in the literature. In this article,
e will investigate the relationship between two classes of models

hat are frequently used in the affect dynamical literature, namely the

∗ Correspondence to: Tiensestraat 102, 3000 Leuven, Belgium.
E-mail address: niels.vanhasbroeck@gmail.com (N. Vanhasbroeck).

discounting models and the autoregressive models, both of which we will
introduce in the next sections.

Let us first establish the mathematical notation we use in this text.
Variables that are observed or measured are denoted with Roman
letters, while Greek letters are reserved for the model parameters.
Lowercase letters are used for scalars or, when they are bold, for
vectors. Uppercase letters are used for matrices.

1.1. Discounting models

Despite the long presence of the discounting model within the
economic literature (e.g., Cairns & van der Pol, 2000; Koopmans,
1960; Myerson & Green, 1995), Rutledge et al. (2014) only recently
introduced it to the affect dynamical literature. In their study, Rutledge
et al. (2014) investigated the relationship between participant’s hap-
piness and the monetary outcomes that they received in a gambling
paradigm. This paradigm required participants to repeatedly choose
either a certain outcome or an uncertain gamble between two equally
probable outcomes. If the participant selected the certain outcome, the
reward was immediately added to the participant’s total. If the gamble
was chosen, one of the outcomes was selected at random and was then
added to the participant’s total.

To formalize the relationship between happiness and the outcomes
of their experiment, Rutledge et al. (2014) created the following com-
putational model:

ℎ𝑡 = 𝛼 + 𝛽1
𝑡−1
∑

𝑗=0
𝛾𝑗𝑐𝑟𝑡−𝑗 + 𝛽2

𝑡−1
∑

𝑗=0
𝛾𝑗𝑒𝑣𝑡−𝑗 + 𝛽3

𝑡−1
∑

𝑗=0
𝛾𝑗𝑟𝑝𝑒𝑡−𝑗 + 𝜖𝑡 , (1)
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where

𝜖𝑡 ∼ 𝑁(0, 𝜎2) ,

and where ℎ𝑡 was a person’s self-reported happiness at trial 𝑡, 𝑐𝑟 is the
alue of the certain outcome (if chosen), 𝑒𝑣 is the expected value of
he gamble outcomes (if chosen), and 𝑟𝑝𝑒 is the difference between
he 𝑒𝑣 and the actual obtained gamble outcome. In this equation,
he happiness ℎ at time 𝑡 is a function of the cumulative sum of
he discounted previous outcomes 𝑐𝑟, 𝑒𝑣, and 𝑟𝑝𝑒, meaning that the
istory of the received outcomes matters in determining one’s current
appiness. To ensure that recent outcomes have a greater influence on
appiness, Eq. (1) discounts past outcomes exponentially over time, the
trength of which is determined by the parameter 𝛾 ∈ [0, 1) which we
ill refer to as the discounting factor.

Eq. (1) closely resembles one of the solutions to the equation of
he expected return, a concept that was introduced in the reinforcement
earning literature. Expected return is the total reward people expect to
eceive at the end of a task if they behave in a given way and can be
ormalized as a function of all future rewards (Sutton & Barto, 2018):

𝑡 = 𝑓 (𝑟𝑡+1,… , 𝑟𝑡+𝑛) , (2)

here 𝑒 is the expected return looking forward from the current mo-
ent 𝑡, 𝑟 is the reward that the agent receives at a given future time 𝑡+𝑗,

nd 𝑓 is a function of these future rewards. For the model to describe
stable process, the function 𝑓 should converge to a finite value, even
hen the task itself continues forever (i.e., when 𝑛 → ∞). Because of

his, 𝑓 is typically assumed to take on a discounting form, such as (see
utton & Barto, 2018):

𝑡 =
∞
∑

𝑗=0
𝛾𝑗𝑟𝑡+𝑗+1 . (3)

ote that this discounted sum is the same as the sum in Eq. (1) with one
mportant difference, namely the frame of reference. While Eq. (3) deals
ith the discounting of future rewards, Eq. (1) is concerned with the
iscounting of outcomes that one has already received. One model thus
eals with the future while the other one deals with the past. Despite
his difference in the frame of reference, the discounting model itself
emains the same.

At this point, it is also useful to make the connection to research
round delay discounting, which is concerned with how people discount
ewards that are received at different moments in the future (see
.g., Ballard et al., 2023; Blavatskyy, 2016; Myerson & Green, 1995).1
ithin this field, Samuelson (1937) proposed the exponential discount-

ng function, which has a similar functional form to those in Eqs. (1)
nd (3) and which has since received ample attention. However, the
xponential discounting model is not uncontroversial and some al-
ernatives have been proposed. In the first section of this paper, we
ill only concern ourselves with relating the discounting model as
sed in the literature to the autoregressive models. Later, we will
oint out the need to empirically validate the exponential shape of
he discounting function and propose the quasi-hyperbolic model as an
lternative (Laibson, 1997).

In this article, we will use a generalized version of Eq. (1) which we
efine as (see Appendix A)2:

𝑡 = 𝜶 +
𝑡−1
∑

𝑗=0
𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡

𝝐𝑡 ∼ 𝑁(𝟎, 𝛴) ,

(4)

here the 𝑑-dimensional vector 𝒚𝑡 contains the values for the depen-
ent variables at time 𝑡. The 𝑑-dimensional vector 𝜶 represents the

1 We thank the reviewers for making this connection.
2 Note that in both Eqs. (4) and (6) the 𝑑 × 𝑑 matrix 𝛴 defines the

(co)variances of the residuals. Given that 𝛴 does not directly influence our
results, we do not discuss it in text.
2

h

intercept, which coincides with the mean of the process 𝒚. Within this
sum, the 𝑑 × 𝑑 matrix 𝛤 contains the discounting factors, defining the
xtent to which previous values of 𝒙 influence the current values of
. Importantly, 𝛤 is subject to several restrictions. First, the moduli of
he eigenvalues of 𝛤 are restricted to be smaller than 1, which ensures

that the sum converges to a stable value (cf. restriction on function
𝑓 , Sutton & Barto, 2018).3 Second, the values in 𝛤 are restricted to be
positive (Rutledge et al., 2014; Sutton & Barto, 2018), which means that
the discounting of a value over time does not overshoot the baseline
state (cf. the sawtooth pattern in Fig. 2). Finally, the 𝑘 independent
variables are contained in the vector 𝒙𝑡 and get scaled by the 𝑑 × 𝑘

atrix 𝐵. The matrix 𝐵 determines the strength of the association
etween the discounted sum of the independent variables with each of
he variables in 𝒚, playing the same role as the 𝛽’s in Eq. (1). We refer
he reader to Fig. 1 for a visual representation of what each parameter
oes in the model.

After its introduction in the field of affect dynamics, the discounting
odel has been widely used to understand how affect changes in

elation to its environment, both by the original authors (e.g., Blain
Rutledge, 2020; Chew et al., 2021; de Berker et al., 2016; Keren

t al., 2021; Rutledge et al., 2017, 2015) and by independent re-
earchers (e.g., Asutay & Västfjäll, 2022; Vanhasbroeck et al., 2021;
illano et al., 2020; Vinckier et al., 2018). Given its rising influence, it

s important to find out how this model relates to other, already existing
odels within the field.

.2. Autoregressive models

The autoregressive model is another model popular in the emotion
iterature, usually serving as a data-analytic tool to investigate how
ffect changes over time (e.g., Adolf et al., 2017; Booij et al., 2018;
ongard et al., 2011; Hamaker et al., 2005; Sperry et al., 2020). While
everal variants of the autoregressive model exist, what binds these
odels together is the shared assumption that current values of a
ependent variable 𝑦 are related to past values of the same variable,
mplying that values of 𝑦 are carried over across time. Formally, this

assumption is implemented by regressing past values of a variable to
its current value, so that:

𝒚𝑡 = 𝜹 + 𝛩𝒚𝑡−1 + 𝝐𝑡 , (5)

where

𝝐𝑡 ∼ 𝑁(𝟎, 𝛴) .

This model is known as the vector autoregressive model or VAR. The
𝑑-dimensional vector 𝜹 contains the intercepts. The next term is the
autoregressive component, which scales previous values of 𝒚 by the
𝑑×𝑑 transition matrix 𝛩. This component defines an exponential decay
of values of 𝒚 towards the baseline state 𝝁, which is equal to (𝐼𝑑−𝛩)−1𝜹
with 𝐼𝑑 being the 𝑑 × 𝑑 identity matrix. Importantly, the moduli of the
eigenvalues of 𝛩 should be smaller than 1 in order for the model to
describe a stable process (Hamilton, 1994, also cf. 𝛤 ).

As we will show in the next section, the discounting model is
a special case of a slightly more complicated autoregressive model,
namely the moderated vector autoregressive moving-average model or VAR-
MAX (Adolf et al., 2017; Shumway & Stoffer, 2006). Like the name
suggests, this model consists of an autoregressive component, a moving

3 Note that when the multidimensional discounting model of Eq. (4) was
sed by researchers, they restricted the discounting matrix 𝛤 to be diago-
al (e.g. Asutay & Västfjäll, 2022; Villano et al., 2020). This restriction implies
hat the discounting of 𝒙 is independent for each of the variables in 𝒚, or
hat there is no dynamical relation between the different dependent variables.
iven that no such restriction is necessary for our discussion, we allow 𝛤 to

ave off-diagonal elements.
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Fig. 1. Visualization of the role each parameters plays in the one-dimensional discounting model. These plots display the median and 95% confidence intervals of 1000 simulated
time series of length 30, where 𝑦 depended on the same set of values for 𝑥 (drawn from a standard normal distribution). We systematically varied the values of the model that
was used to simulate the time series in this figure, allowing the parameters to take on the following values: 𝛼 ∈ {−5.00,−2.50, 0.00, 2.50, 5.00}, 𝛽 ∈ {−0, 75,−0.25, 0.00, 0.25, 0.75},
𝛾 ∈ {0.10, 0.30, 0.50, 0.70, 0.90}, and 𝜎 = 0.15. In each plot, we changed the values of 𝛼 to make the lines non-overlapping. The parameters’ influence on the dynamics of the model
can be summarized as follows. By changing the values of 𝛼, the function is moved upwards or downwards, going together with higher or lower values of 𝑦 respectively. Changing
the values of 𝛽 leads to changes in the direction and strength of the association between 𝑦 and 𝑥. Finally, the values of 𝛾 control to which extent previous values of 𝑥 carry over
to the next time points, so that higher values of 𝛾 lead to a greater inertia in the time series.
Fig. 2. Visualization of the role the parameters play in the one-dimensional VARMAX. As shown in the next section, the parameters roughly correspond to those of the discounting
model, and we will therefore not discuss the observed patterns in detail. However, we do bring the sawtooth pattern that is created by negative values of 𝜃 to attention, as this
is a pattern that cannot be created by the discounting model.
average component, and a set of external variables that are thought to
influence 𝒚. Combined, this model then becomes:

𝒚𝑡 = 𝜹 + 𝛹𝒙𝑡 + 𝛩𝒚𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡 , (6)

where again

𝝐𝑡 ∼ 𝑁(𝟎, 𝛴) .

In this equation, 𝒚 changes with the values of the 𝑘 independent
variables 𝒙, which are scaled by the 𝑑 × 𝑘 matrix 𝛹 . Additionally,
fluctuations in 𝒚 are captured with a moving-average component,
which consists of the 𝑑 × 𝑑 matrix 𝛷 and defines the extent to which
residuals at the previous time point 𝑡−1 are carried over to the current
observations of 𝒚. Importantly, the restriction on 𝛩 also applies to 𝛷,
which in this case makes sure that the model is invertible (Shumway &
Stoffer, 2006).

Fig. 2 visualizes the effect of the parameters on 𝒚. When looking
at this figure, it is useful to keep in mind that while most parameters
map directly onto the discounting model, we should mention two
differences with the time series shown in Fig. 1. First, the values of the
discounting factors in 𝛤 are restricted to be positive, a restriction that
does not apply to the transition matrix 𝛩. This allows the autoregressive
models to capture a sawtooth-like dynamical pattern, as shown in
Fig. 2. Second, changing the value of 𝛩 independently of 𝜹 also changes
the value of the baseline 𝝁. To keep all time series equidistant, we
3

counteracted this effect by changing the values of 𝛿 simultaneously with
the values of 𝜃. The full effect of only changing 𝜃 is thus not shown in
this figure.

Due to their attractive properties and their intuitiveness, autore-
gressive models have been exceedingly popular in the affect dynamical
literature. Typically, they are used as a data analytic tool (e.g., Dejon-
ckheere et al., 2021; Lucas & Donnellan, 2007; Wendt et al., 2020), but
autoregressive models have also been used to gain a deeper theoretical
understanding of the dynamic structure of affect (e.g., Bonsall et al.,
2012; de Haan-Rietdijk et al., 2017; Loossens et al., 2021).

2. Relating the models

We start our demonstration with the discounting model, of which
the definition is repeated here:

𝒚𝑡 = 𝜶 +
𝑡−1
∑

𝑗=0
𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡.

First, we take the most recent reward out of the sum (i.e., the reward
for which 𝑗 = 0), so that this equation becomes:

𝒚𝑡 = 𝜶 + 𝛤 0𝐵𝒙𝑡−0 +
𝑡−1
∑

𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡

𝑗=1
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= 𝜶 + 𝐼𝑑𝐵𝒙𝑡 +
𝑡−1
∑

𝑗=1
𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡 (𝛤 0 = 𝐼𝑑)

= 𝜶 + 𝐵𝒙𝑡 +
𝑡−1
∑

𝑗=1
𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡 (𝐼𝑑𝐵 = 𝐵).

Now, we factor 𝛤 out of the sum and add the terms 𝛤𝜶 − 𝛤𝜶 and
𝛤 𝝐𝑡−1 − 𝛤 𝝐𝑡−1 in two subsequent steps, so that:

𝒚𝑡 = 𝜶 + 𝐵𝒙𝑡 + 𝛤
𝑡−1
∑

𝑗=1
𝛤 𝑗−1𝐵𝒙𝑡−𝑗 + 𝝐𝑡 (Factor out 𝛤 )

= 𝜶 + 𝛤𝜶 − 𝛤𝜶 + 𝐵𝒙𝑡 + 𝛤
𝑡−1
∑

𝑗=1
𝛤 𝑗−1𝐵𝒙𝑡−𝑗 + 𝛤 𝝐𝑡−1 − 𝛤 𝝐𝑡−1 + 𝝐𝑡.

Next, we take together common terms by factoring out 𝛤 and adjust
the indices of the sum so that the sum starts at 𝑗 = 0:

𝒚𝑡 = 𝜶 − 𝛤𝜶 + 𝐵𝒙𝑡 + 𝛤

(

𝜶 +
(𝑡−1)−1
∑

𝑗=0
𝛤 𝑗𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡−1

)

− 𝛤 𝝐𝑡−1 + 𝝐𝑡.

Finally, we realize that the terms between the brackets are equal to
𝒚𝑡−1, and we can thus rewrite this equation to:

𝒚𝑡−1 = (𝐼𝑑 − 𝛤 )𝜶 + 𝐵𝒙𝑡 + 𝛤𝒚𝑡−1 − 𝛤 𝝐𝑡−1 + 𝝐𝑡,

which is a special case of the VARMAX with its parameters equal to:

𝜹 = (𝐼𝑑 − 𝛤 )𝜶

𝛹 = 𝐵

𝛩 = 𝛤

𝛷 = −𝛤 .

This concludes our demonstration of the relationship between the two
models. It is important to note that the result of our derivation adheres
to the restrictions imposed on 𝛩 and 𝛷, as 𝛤 falls under the same
restrictions. Furthermore notice that 𝜶 of the discounting model is
equal to the baseline 𝝁 of the VARMAX.

3. Properties

The main advantage of our demonstration is that it makes common
assumptions of the discounting model and the VARMAX explicit while
simultaneously exposing some of the discounting model’s restrictions.
On the one hand, this means that we can build upon the vast literature
around time series models to evaluate the applicability of the discount-
ing model on observed data. For example, one can use established
tests of the stationarity assumption, which dictates that the statistical
properties of the time series do not change over time (Scargle, 1981),
and turn to solutions such as trend analysis or differencing in case the
data are not stationary (see e.g. Hamilton, 1994; Shumway & Stoffer,
2006; Velicer & Molenaar, 2012). A wide range of tools becomes
available to researchers who use the discounting model to fit their data.

On the other hand, we can leverage on the differences between the
discounting model and the VARMAX to investigate the dynamical fea-
tures of psychological processes. Specifically, one can reveal to which
extent the assumptions apply to the process of interest by comparing
the performance of these models on empirical data. For example, if two
models share all assumptions except for one, and model comparison
shows that one performs better than the other, this provides immediate
evidence for or against the assumption that is not shared among the
models. It is therefore important to be aware of the assumptions of
a model and the behavior that these assumptions imply, as model
comparison may reveal which of these apply to the process of interest.

Researchers should therefore empirically test the viability of the
restrictions that come with the discounting model. Concretely, one
can use data to estimate restricted and unrestricted versions of the
VARMAX and use model comparison techniques to find out which type
4

of model performs best. Testing these properties will provide us with c
important information on the dynamical features of the system that we
are interested in, enhancing our understanding of these systems.4

In what follows, we will discuss two restrictions that the discounting
model imposes on the VARMAX. We furthermore discuss one property
that is shared among the two models. Importantly, all three properties
can be tested in the way that we described above and we encourage
researchers to do so.

3.1. Restriction 1: Single lag structure

The first restriction concerns the discounting model’s single-lag in
the autoregressive and moving-average components, meaning that the
dependent variables only depend on their immediately predecessing
value and residual. To appreciate this restriction, consider the general-
ized VARMAX that contains 𝑝 lags in the autoregressive component and
𝑞 lags in the moving average component (Hamilton, 1994; Shumway &
Stoffer, 2006):

𝒚𝑡 = 𝜹 + 𝛹𝒙𝑡 +
𝑝
∑

𝑗=1
𝛩𝑗𝒚𝑡−𝑗 +

𝑞
∑

𝑗=1
𝛷𝑗𝝐𝑡−𝑗 + 𝝐𝑡. (7)

This equation allows 𝒚 at time 𝑡 to be related to each of its predecessing
values up to time point 𝑡 − 𝑝 and each of its predecessing residuals up
to time point 𝑡− 𝑞. Interestingly, the discounting model restricts both 𝑝
and 𝑞 to be equal to 1, so that only the previous observation 𝒚𝑡−1 and
the previous residual 𝝐𝑡−1 are related to the current observation 𝒚𝑡.

The discounting model thus makes a concrete prediction with re-
ard to the structure of the data. More concretely, it predicts that a
ynamical system should only show a temporal dependence of a single
ag in both the autoregressive and moving-average components. This
mplies that whenever a dynamical system displays dependence of 𝒚
n observations and/or residuals of two or more lags in the past, the
iscounting model cannot be the data generating model and might
ot be appropriate for use on these data. To test this restriction, one
an compare the multilag VARMAX to a VARMAX that only assumes a
ingle lag (Eq. (6) vs. Eq. (7)).

.2. Restriction 2: White noise

A second restriction of the discounting model dictates that the value
f 𝛷 is equal to −𝛩, or the reverse of the transition matrix. This implies
hat residuals are not carried over across time, meaning that apart from
he external factors in 𝒙, changes in 𝒚 are only governed by white noise.

To see this, consider what makes up the current values of 𝒚 at time 𝑡
under both models. Starting with the VARMAX, we can rewrite this
formula in terms of several discounted sums (see Appendix B):

𝒚𝑡 = 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝛹𝒙𝑡−𝑗 +

𝑡−1
∑

𝑗=0
𝛩𝑗𝝐𝑡−𝑗 +

𝑡−1
∑

𝑗=1
𝛩𝑗−1𝛷𝝐𝑡−𝑗 .

This equation shows that the fluctuations in 𝒚 are a function of the
discounted sums of the external factors 𝒙 and the residuals 𝝐 at time
points 𝑡 − 𝑗. In other words, the residuals are carried over across time
and have a continuing influence on the process 𝒚.

Now consider what happens when we impose that 𝛷 = −𝛩, then
this equation simplifies to:

𝒚𝑡 = 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝛹𝒙𝑡−𝑗 +

𝑡−1
∑

𝑗=0
𝛩𝑗𝝐𝑡−𝑗 −

𝑡−1
∑

𝑗=1
𝛩𝑗𝝐𝑡−𝑗

= 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝛹𝒙𝑡−𝑗 + 𝛩0𝝐𝑡 +

𝑡−1
∑

𝑗=1
𝛩𝑗𝝐𝑡−𝑗 −

𝑡−1
∑

𝑗=1
𝛩𝑗𝝐𝑡−𝑗

= 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝛹𝒙𝑡−𝑗 + 𝝐𝑡 ,

4 It goes without saying that the strength of such a test depends on the
haracteristics of the study from which the test data were gathered.
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which brings us back to the discounting model in Eq. (4). Unlike the
typical VARMAX, the residuals are thus not carried over across time,
meaning they are not a part of the process 𝒚. In other words, when
𝛷 = −𝛩 the VARMAX assumes that the residuals represent white noise.
The discounting model thus expects temporal changes in 𝒚 to only come
from the external variables 𝒙.

While this restriction may not seem that important, it does have
important interpretational consequences. Specifically, the discounting
model assumes that residuals are independent of the process itself,
and may thus be interpreted as process-independent error. For the
typical autoregressive models, the residuals have a lasting impact on
the system and are therefore interpreted as a (meaningful) part of the
system. Typically, these residuals are assumed to reflect accumulated
sum of internal and external, mutually independent events that par-
tially determined to the observed state of the system (Hamaker, 2012;
Kuppens et al., 2010; Loossens et al., 2020). Whatever the source of
this error, the VARMAX assumes that it is inherent to 𝒚 while the
discounting model assumes the error is independent of the process.

To test this restriction, one has to first estimate a VARMAX that
restricts the value of 𝛷 to −𝛩 and a VARMAX that allows for the free
estimation of 𝛷. Then, the performance of these two models should be
compared to find out whether this restriction holds up against the data.

3.3. Property 1: Exponential decay

One important property of the discounting model as it is currently
defined is the exponential shape of the discounting function. As we
mentioned before, the exponential discounting function has been a
topic of investigation in the delay discounting literature, where evi-
dence against this function has accumulated over the years. Instead,
researchers in this field are turning to other kinds of discounting
functions, such as the hyperbolic, double exponential, and additive
discounting functions (Ballard et al., 2023; Mazur, 1987; van den Bos
& McClure, 2013). Similarly, we might question the validity of the
exponential decay functions used in many linear dynamical models
such as the discounting model and the VARMAX.

To investigate this question, one should first define other kinds
of discounting models with which the exponential one can be com-
pared. For this, researchers can use the approach taken by Rutledge
et al. (2014) in their paper. Specifically, one can select a discounting
function, plug it into a cumulative sum, and derive the recursive
counterpart of this model. This way, competing models for the typical
exponential discounting model are created, allowing one to test its
relative fit to empirical data. It will furthermore bring the literature
around discounting models closer to the literature around other models
that rely on recursion, such as autoregressive models and reinforcement
learning models.

As an example, we propose the quasi-hyperbolic discounting model
as an alternative to exponential discounting. In one dimension, the
quasi-hyperbolic discounting model is defined as (see Laibson, 1997):

𝑦𝑡 = 𝛼 + 𝛽
𝑡−1
∑

𝑗=0
𝜅𝑖(𝑗)𝜈𝑗𝑥𝑡−𝑗 + 𝜖𝑡 ,

where 𝜅, 𝜈 ∈ [0, 1) and where 𝑖(𝑡) is an indicator function so that:

𝑖(𝑡) =
{

0 if 𝑡 = 0
1 if 𝑡 ∈ {1, 2,…}

,

In multiple dimensions, this model can be defined as:5

𝒚𝑡 = 𝜶 +
𝑡−1
∑

𝑗=0
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙𝑡−𝑗 + 𝝐𝑡 , (8)

5 Note that one can define an alternative quasi-hyperbolic model in which
the multiplication of 𝑁 and 𝐾 switch places, so that the sum becomes
∑𝑡−1

𝑗=0 𝐾
𝑖(𝑗)𝑁 𝑗𝐵𝒙𝑡−𝑗 . The derivation of this model differs in its result from the

one explained in-text.
5

Fig. 3. Visualization of the expected regulation patterns of the quasi-hyperbolic
discounting model versus the exponential discounting model (black solid line). In the
left panel, the effect of varying 𝜅 is shown while keeping the discounting factors of
the quasi-hyperbolic 𝜈 and of the exponential model 𝛾 equal to 0.75. While starting
out at the same values, 𝜅 determines how strongly the regulation is going from the
first to the second time point. After this initial effect, the regulatory pattern follows an
exponential curve defined by 𝜈. In the right panel, the effect of varying 𝜈 is shown while
fixing 𝜅 = 𝛾 = 0.75. As one might suspect, 𝜈 quantifies the strength of the exponential
regulation towards the baseline.

where the 𝑑 × 𝑑 matrices 𝐾 and 𝑁 conform to the same restrictions as
𝛤 . This model can be rewritten to an autoregressive model of the form
(see Appendix C):

𝒚𝑡 = (𝐼𝑑 −𝑁)𝜶 + 𝐵𝒙𝑡 +𝑁(𝐾 − 𝐼𝑑 )𝐵𝒙𝑡−1 +𝑁𝒚𝑡−1 −𝑁𝝐𝑡−1 + 𝝐𝑡 ,

which corresponds to a VARMAX with an additional lag in the predictor
variables 𝒙.

Fig. 3 visualizes how the expected regulation pattern for the uni-
dimensional quasi-hyperbolic discounting model compared to the ex-
ponential one. As one may see, the parameter 𝐾 controls the extent to
which there is a ‘‘recency bias’’, which entails an automatic devaluation
of previous values of 𝒙 because they are in the past. This creates a sharp
drop in the regulation patterns shown in Fig. 3. Once this sharp drop
has been introduced, the regulation patterns follows an exponential
distribution as defined by the parameter 𝑁 . Interestingly, this implies
that when 𝐾 = 𝐼𝑑 , the quasi-hyperbolic discounting model is equal
to the exponential discounting model. In other words, the exponential
discounting model is nested within the quasi-hyperbolic discounting
model.

4. Discussion

In this paper, we demonstrated the relationship between two classes
of computational models that are frequently used to study affect dy-
namics. Specifically, we demonstrated that the (exponential) discount-
ing model is nested within the autoregressive models, more specifically
as a special case of the VARMAX. This relationship shows that the
discounting model and the VARMAX describe a very similar process,
specifically one in which the fluctuations in the variables 𝒚 are ex-
plained by a discounted sum of all past values of the predictor variables
𝒙. For affect dynamics, this means that affective fluctuations are a
manifestation of all external events that an individual encountered
throughout the past.

This is an interesting observation, as researchers typically interpret
the results that come from both models in a different way. Autore-
gressive models are generally interpreted as capturing the dynamics
of the process of interest in relation to external factors. However, it
is still believed that the observed dynamics are intrinsic to the studied
process. In other words, external factors may perturb the system, but it
is the system itself that recovers from such perturbations (for a similar
perspective, see Kuppens & Verduyn, 2015). Discounting models on
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the other hand are interpreted as showing that the process of interest
solely arises through a specific set of external factors of which the
influence decreases over time. In this view, the studied process is thus
a ‘‘playing ball’’ of the external influences and, consequently, lacks its
own intrinsic dynamical features.

The fact that discounting models are nested within the VARMAX
shows that the divergence between the interpretations may be ill-
advised. Discounting models imply a given dynamical structure that
cannot be easily disentangled from the autoregressive structure of the
VARMAX, even when the restrictions above do not hold. One should
thus be careful when interpreting the results that come from applying
a discounting model to psychological variables such as affect.

Our derivation clarifies the position of the discounting model within
the literature on time series analysis, allowing users to draw on this
literature to test and deal with violations of common assumptions such
as stationarity. We also reconnected the discounting model with the
reinforcement learning literature and, more importantly, the literature
around delay discounting. However, one should consider an important
difference between the models used in these bodies of literature and
the model that was introduced by Rutledge et al. (2014): While the
model in Eq. (4) is concerned with discounted sums of outcomes in
the past, the discounting function that it builds upon was originally
introduced to capture how people discount the values of future rewards
(and similar for Eq. (8)). There is thus a different frame of reference for
how the discounting functions were originally used and how we use
them in this article.

Given the different frame of reference, one may question the ap-
plicability of future-oriented discounting functions to understand the
decaying patterns in variables such as affect. This concern is valid, and
in no way do we advocate for the blind use of discounting models to
investigate affect dynamics. We instead hope that we gave researchers
the tools to investigate the dynamical structure of their data by making
the exponential discounting assumption explicit and by proposing an
alternative model. Our approach is thus a purely pragmatic one.

Our derivation also exposes some of the restrictions the discounting
model imposes on the VARMAX, for which we discussed several areas of
future research, which we repeat here. First, research should systemati-
cally investigate whether affect evolves only in relation to its immediate
predecessing value and residual, or in relation to more distant lags as
well (Restriction 1). If a single lag suffices, than the models that are
discussed in this article are appropriate for use on empirical data. If
on the other hand more than one lag should be accounted for, then
researchers should employ models that allow for more than one lag
to understand our data (e.g., Eq. (7)). Testing this restriction will thus
reveal a critical aspect of the dynamical structure of affect.

Second, future research should investigate whether the parametric
restriction that the discounting model imposes on the moving average
component of VARMAX holds up against empirical data (𝛷 = −𝛩;
see Restriction 2). Such a test will not only inform us on both the
appropriateness of using the discounting model on empirical data, but
also say something about the tenability of the ‘‘white noise’’ assumption
in dynamical models of affect. Testing this restriction will thus shed
light on how to interpret the stochasticity of affect.

Finally, researchers should investigate whether the assumption of
xponential decay holds against empirical data (Property 1). For this,

researchers should devise models that are build on different discounting
functions and test which of these functions fits the data best. As the
models in this article are used to investigate the relationship between
affect and external stimuli, we can draw inspiration from the delay
discounting literature for functional forms that might compete with
exponential decay. As an example, we derived the autoregressive coun-
terpart of the quasi-hyperbolic discounting model and suggested it as
an alternative for the exponential discounting model that was central
to this paper.

It is important to keep in mind that the applicability of each of these
6

dynamical properties may depend on the employed affective measures
and on the studied population. For example, self-reported affective
ratings may have a different dynamical structure than psychophysiolog-
ical measures of affect. Similarly, individuals who suffer from affective
disorders might have a different affect dynamical structure than healthy
individuals. It is therefore important to test each of the mentioned
properties within one’s respective field.

We hope that in our efforts, we have inspired other researchers
to investigate how different dynamical models relate to each other. A
comprehensive mapping of different computational models, how they
are associated, and what restrictions they impose on the dynamical
process might hold the key to increasing the adoption of such models
in the literature.
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ppendix A. Eq. (1) as a specific case of Eq. (4)

In this section, we show how the general discounting model in
q. (4) can be rewritten to the specific case in Eq. (1). We start at
q. (4), which is repeated here:

𝑡 = 𝜶 +
𝑡−1
∑

𝑗=0
𝛤 𝑗𝐵𝒙𝑡−𝑗 + 𝝐𝑡 .

To get to Eq. (1), we first have to define the variables 𝒚 and 𝒙, which in
his case consist of the happiness score ℎ as the dependent variable and
he independent variables 𝑐𝑟, 𝑒𝑣, and 𝑟𝑝𝑒. Defining 𝑦 and 𝑥 allows us to
ind the dimensions of all parameters in the model. Given that 𝑑 = 1
nd 𝑘 = 3, 𝜶 and 𝝐 are of size 𝑑 × 1 = 1 × 1, 𝛤 is of size 𝑑 × 𝑑 = 1 × 1,
nd 𝐵 is of size 𝑑 × 𝑘 = 1× 3. Filling this out in the above equation, we
et:

𝑡 = 𝛼 +
𝑡−1
∑

𝑗=0
𝛾𝑗

[

𝛽1 𝛽2 𝛽3
]

⎡

⎢

⎢

𝑐𝑟
𝑒𝑣

⎤

⎥

⎥

+ 𝜖𝑡 .

⎣𝑟𝑝𝑒⎦𝑡−𝑗
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ℎ

Multiplying 𝐵 with 𝒙 and splitting the sum leads to:

𝑡 = 𝛼 +
𝑡−1
∑

𝑗=0
𝛾𝑗

(

𝛽1𝑐𝑟𝑡−𝑗 + 𝛽2𝑒𝑣𝑡−𝑗 + 𝛽3𝑟𝑝𝑒𝑡−𝑗
)

+ 𝜖𝑡

= 𝛼 +
𝑡−1
∑

𝑗=0
𝛾𝑗𝛽1𝑐𝑟𝑡−𝑗 +

𝑡−1
∑

𝑗=0
𝛾𝑗𝛽2𝑒𝑣𝑡−𝑗 +

𝑡−1
∑

𝑗=0
𝛾𝑗𝛽3𝑟𝑝𝑒𝑡−𝑗 + 𝜖𝑡

= 𝛼 + 𝛽1
𝑡−1
∑

𝑗=0
𝛾𝑗𝑐𝑟𝑡−𝑗 + 𝛽2

𝑡−1
∑

𝑗=0
𝛾𝑗𝑒𝑣𝑡−𝑗 + 𝛽3

𝑡−1
∑

𝑗=0
𝛾𝑗𝑟𝑝𝑒𝑡−𝑗 + 𝜖𝑡 ,

which brings us back to Eq. (1).

Appendix B. Rewriting the VARMAX in terms of its past

In this section, we will rewrite the VARMAX in terms of its complete
history. For clarity and without a loss of generality, we will drop the
predictor variables from Eq. (6) and rewrite this model starting from:

𝒚𝑡 = 𝜹 + 𝛩𝒚𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡 .

In a first step, we replace 𝒚𝑡−1 by its definition, so that:

𝒚𝑡 = 𝜹 + 𝛩𝒚𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡
= 𝜹 + 𝛩

(

𝜹 + 𝛩𝒚𝑡−2 +𝛷𝝐𝑡−2 + 𝝐𝑡−1
)

+𝛷𝝐𝑡−1 + 𝝐𝑡
= 𝜹 + 𝛩𝜹 + 𝛩2𝒚𝑡−2 + 𝛩𝛷𝝐𝑡−2 + 𝛩𝝐𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡

Doing the same for 𝒚𝑡−2, we get:

𝒚𝑡 = 𝜹 + 𝛩𝜹 + 𝛩2𝒚𝑡−2 + 𝛩𝛷𝝐𝑡−2 + 𝛩𝝐𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡
= 𝜹 + 𝛩𝜹 + 𝛩2 (𝜹 + 𝛩𝒚𝑡−3 +𝛷𝝐𝑡−3 + 𝝐𝑡−2

)

+ 𝛩𝛷𝝐𝑡−2 + 𝛩𝝐𝑡−1
+𝛷𝝐𝑡−1 + 𝝐𝑡

= 𝜹 + 𝛩𝜹 + 𝛩2𝜹 + 𝛩3𝒚𝑡−3 + 𝛩2𝛷𝝐𝑡−3 + 𝛩2𝝐𝑡−2 + 𝛩𝛷𝝐𝑡−2 + 𝛩𝝐𝑡−1
+𝛷𝝐𝑡−1 + 𝝐𝑡

Repeating this until we reach the initial condition 𝒚0, this eventually
becomes:

𝒚𝑡 =
𝑡−1
∑

𝑗=0
𝛩𝑗𝜹 + 𝛩𝑡𝒚0 +

𝑡−1
∑

𝑗=0
𝛩𝑗𝝐𝑡−𝑗 +

𝑡−1
∑

𝑗=1
𝛩𝑗−1𝛷𝝐𝑡−𝑗 .

Note that the index for the last sum starts at 𝑗 = 1 to accommodate the
residuals at time 𝑡 − 1.

To simplify this equation, we assume that 𝑡 → ∞. Together with
the restriction that the moduli of the eigenvalues of 𝛩 should be
smaller than 1, this assumption implies that the first sum converges
to (𝐼𝑑 − 𝛩)−1𝜹 = 𝝁 and that the term 𝛩𝑡𝒚0 approaches 0 (see Stewart,
1998). Implementing these changes leads to our result:

𝒚𝑡 = 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝝐𝑡−𝑗 +

𝑡−1
∑

𝑗=1
𝛩𝑗−1𝛷𝝐𝑡−𝑗 .

While we did not consider the predictor variables 𝒙 for simplicity, one
can proof that including these predictor variables would lead to the
following result:

𝒚𝑡 = 𝝁 +
𝑡−1
∑

𝑗=0
𝛩𝑗𝛹𝒙𝑡−𝑗 +

𝑡−1
∑

𝑗=0
𝛩𝑗𝝐𝑡−𝑗 +

𝑡−1
∑

𝑗=1
𝛩𝑗−1𝛷𝝐𝑡−𝑗 .

Appendix C. Quasi-hyperbolic discounting model

In this section, we use the approach we used in the article to
rewrite a multidimensional quasi-hyperbolic discounting model to an
equivalent recursive representation. The quasi-hyperbolic discounting
function is defined as (Laibson, 1997):

𝑓 (𝑡) =
{

1 if 𝑡 = 0
𝑁 𝑡𝐾 if 𝑡 ∈ {1, 2,…}

,

where 𝑡 ∈ N and where 𝐾 and 𝑁 are 𝑑 × 𝑑 matrices that define the
shape of the discounting function. Importantly, both 𝐾 and 𝑁 fall under
7

the same restrictions as 𝛤 in Eq. (4). For interpretational purposes,
we furthermore restrict 𝐾 to be a diagonal matrix, so that each of the
diagonal elements coincides with the ‘‘recency effect’’ for each variable
in 𝒚 (see the paper for a visualization).

For our derivation, it will be useful to rewrite this discounting
function to:
𝑓 (𝑡) = 𝑁 𝑡𝐾 𝑖(𝑡)

𝑖(𝑡) =
{

0 if 𝑡 = 0
1 if 𝑡 ∈ {1, 2,…}

,

where the value of 𝑓 (𝑡) depends on the indicator function 𝑖(𝑡), which
controls the involvement of 𝐾 in the equation. Using this discounting
function, we define the quasi-hyperbolic discounting model as:

𝒚𝑡 = 𝜶 +
𝑡−1
∑

𝑗=0
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙𝑡−𝑗 + 𝝐𝑡 .

To go from this model to its recursive counterpart, we follow the steps
of our in-paper derivation. Specifically, we take out the most recent
trial from the sum and adjust the index of the sum so that it starts at
𝑗 = 0:

𝒚𝑡 = 𝜶 +𝑁0𝐾 𝑖(0)𝐵𝒙𝑡 +
𝑡−1
∑

𝑗=1
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙𝑡−𝑗 + 𝝐𝑡

= 𝜶 + 𝐵𝒙𝑡 +
𝑡−1
∑

𝑗=1
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙𝑡−𝑗 + 𝝐𝑡

= 𝜶 + 𝐵𝒙𝑡 +
(𝑡−1)−1
∑

𝑗=0
𝑁 𝑗+1𝐾 𝑖(𝑗+1)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡 .

To get to a recursive model, we have to rewrite this equation in terms
of the observation 𝑦𝑡−1 at time point 𝑡−1. For this, the indicator function
𝑖(𝑗 + 1) in the sum should become 0 when 𝑗 = 0. This is currently not
the case, but can be enforced in the following way. First, we extract the
values of 𝑥 for which 𝑗 = 0 from the sum:

𝒚𝑡 = 𝜶 + 𝐵𝒙𝑡 +𝑁𝐾 𝑖(1)𝐵𝒙𝑡−1 +
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗+1𝐾 𝑖(𝑗+1)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡

= 𝜶 + 𝐵𝒙𝑡 +𝑁𝐾𝐵𝒙𝑡−1 +
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗+1𝐾 𝑖(𝑗+1)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡 .

In the next step, we note that for 𝑗 > 0, 𝑖(𝑗) = 𝑖(𝑗 + 1), so that:

𝒚𝑡 = 𝜶 + 𝐵𝒙𝑡 +𝑁𝐾𝐵𝒙𝑡−1 +
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗+1𝐾 𝑖(𝑗)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡 .

Now, we factor out 𝑁 from the sum, which leaves us with:

𝒚𝑡 = 𝜶 + 𝐵𝒙𝑡 +𝑁𝐾𝐵𝒙𝑡−1 +𝑁
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡 .

Finally, we add some additional terms 𝑁𝐵𝒙𝑡−1−𝑁𝐵𝒙𝑡−1, 𝑁𝜶−𝑁𝜶, and
𝑁𝝐𝑡−1 −𝑁𝝐𝑡−1, and subsequently factor out 𝑁 for the common terms,
so that:
𝒚𝑡 =𝜶 +𝑁𝜶 −𝑁𝜶 + 𝐵𝒙𝑡 +𝑁𝐵𝒙𝑡−1 −𝑁𝐵𝒙𝑡−1 +𝑁𝐾𝐵𝒙𝑡−1

+ 𝑁
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙(𝑡−1)−𝑗 +𝑁𝝐𝑡−1 −𝑁𝝐𝑡−1 + 𝝐𝑡

=𝜶 −𝑁𝜶 + 𝐵𝒙𝑡 −𝑁𝐵𝒙𝑡−1 +𝑁𝐾𝐵𝒙𝑡−1

+ 𝑁

(

𝜶 + 𝐵𝒙𝑡−1 +
(𝑡−1)−1
∑

𝑗=1
𝑁 𝑗𝐾 𝑖(𝑗)𝐵𝒙(𝑡−1)−𝑗 + 𝝐𝑡−1

)

−𝑁𝝐𝑡−1 + 𝝐𝑡 .

Realizing that the terms between the brackets are equal to 𝒚𝑡−1, we get:

𝒚𝑡 = 𝜶 −𝑁𝜶 + 𝐵𝒙𝑡 −𝑁𝐵𝒙𝑡−1 +𝑁𝐾𝐵𝒙𝑡−1 +𝑁𝒚𝑡−1 −𝑁𝝐𝑡−1 + 𝝐𝑡 .

Grouping together the common terms, this equation becomes:

𝒚 = (𝐼 −𝑁)𝜶 + 𝐵𝒙 +𝑁(𝐾 − 𝐼 )𝐵𝒙 +𝑁𝒚 −𝑁𝝐 + 𝝐 ,
𝑡 𝑑 𝑡 𝑑 𝑡−1 𝑡−1 𝑡−1 𝑡
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Which is a restricted VARMAX with an additional lag in the predictor
variables 𝒙, defined as:

𝒚𝑡 = 𝜹 + 𝛹𝒙𝑡 +𝑍𝒙𝑡−1 + 𝛩𝒚𝑡−1 +𝛷𝝐𝑡−1 + 𝝐𝑡−1 .

For the quasi-hyperbolic discounting model, the parameters are equal
to:
𝜹 = (𝐼𝑑 −𝑁)𝜶

𝛹 = 𝐵

𝑍 = 𝑁(𝐾 − 𝐼𝑑 )𝐵

𝛩 = 𝑁

𝛷 = −𝑁 .
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